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TAME AND STRONGLY ÉTALE COHOMOLOGY OF CURVES
KATHARINA HÜBNER
Abstract. For a curve C over a perfect field k of characteristic p > 0 we study the
tame cohomology of X = Spa(C, k) introduced in [Hüb18]. We prove that the tame
cohomology groups of X with p-torsion coefficients satisfy cohomological purity (which
is not true in full generality for the étale cohomology). Using purity we show Poincaré
duality for the tame cohomology of X with p-torsion coefficients.
1. Introduction
The tame cohomology of an S-scheme X is defined as the tame cohomology (intro-
duced in [Hüb18]) of its associated discretely ringed adic space Spa(X,S). For torsion
coefficients prime to char(S), it coincides with étale cohomology, see [Hüb18], §7. For
p-torsion coefficients in characteristic p, however, tame cohomology is expected to be
better behaved than étale cohomology. For instance, smooth base change, cohomolog-
ical purity, and homotopy invariance should hold for tame cohomology with p-torsion
coefficients. Assuming resolution of singularities, a special case of cohomological purity
was already proved in [Hüb18], Corollary 13.5. A consequence of purity is homotopy
invariance ([Hüb18], Corollary 13.6).
Let us first explain what form cohomological purity is expected to take in characteris-
tic p. The role played by the roots of unity for invertible coefficients is now taken by the
logarithmic de Rham Witt sheaves. For simplicity we restrict to sheaves of Fp-modules
(instead of Z/pnZ for n ≥ 1). The logarithmic de Rham sheaf ν(r) for r ≥ 0 on a
scheme X smooth over a perfect field k of characteristic p > 0 is defined by the short
exact sequence
0→ ν(r)→ ΩrX/k,d=0 C−1−→ ΩrX/k → 0,
where C denotes the Cartier operator (see [Mil76], Lemma 1.1) and “d = 0” stands for
closed forms. It is a sheaf of Fp-modules and equals Fp in case r = 0. For r < 0 we
set ν(r) = 0. Then cohomological purity for a smooth closed subscheme Z of X of
codimension c is expected to take the form
Hn−c(Z, ν(r − c)) ∼−→ HnZ(X, ν(r)),
where “H” stands for an appropriate cohomology theory (see [Mil86], §2). In étale coho-
mology the above statement is true in general only for r ≥ c (see [Mil86], Corollary 2.2
and Remark 2.4 and [Mos99], §2). If “H” stands for tame cohomology, the statement is
expected to hold for all r. In case r = 0 this has been shown in [Hüb18], Corollary 13.5
under the assumption of resolution of singularities. Note that in this case the assertion
does not involve logarithmic de Rham sheaves. It just says that HnZ(X,Fp) = 0 for all n.
In order to show cohomological purity in general, it would be necessary to develop
more machinery such as a theory of logarithmic deRham-Witt complexes in this setting.
This is a task to be tackled in the long run. For curves, however, it is possible to prove
purity for the tame cohomology without any further tools. We fix a smooth curve C over
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2 KATHARINA HÜBNER
a perfect field k and set X = Spa(C, k). We denote the tame site of X by Xt. Then the
result is the following (see Section 3:
Theorem 1.1. Let c ∈ C be a closed point. Set x = Spa(c, c), such that we have a
closed immersion i : x→ X. Then
Hr(xt, ν(s)) ∼= Hr+1x (Xt, ν(s+ 1))
for all s, r ∈ Z. In particular,
Hr(xt,Fp) ∼= Hr+1x (Xt, ν(1))
for all r ≥ 0 and
Hrx(Xt, ν(s)) = 0
for all r ≥ 0 and s 6= 1.
The second aim of the article is to prove Poincaré duality for the tame site. As a prepa-
ration we introduce horizontally constructible sheaves on discretely valued adic spaces in
Section 4. These are constructible sheaves that are locally constant on constructible sub-
sets with respect to the Zariski topology. They turn out to be the sheaves for which
Poincaré duality holds. After computing the cohomological dimension of horizontally
constructible sheaves on curves in Section 5 we are prepared for proving Poincaré dual-
ity:
Theorem 1.2. Let C be a smooth curve over a perfect field k and set X = Spa(C, k).
For every horizontally constructible sheaf of Fp-modules F on Xt there is a natural quasi-
isomorphism
RHomX(F , νX(1))[1]→ RHomk(Rpi!F ,Fp)
in D+(Fp).
The proof is a formal consequence of cohomological purity and Poincaré duality for
projective curves (see [Mil76]). It is given in Section 7.
2. Preliminaries
In this section we collect some basic results on the tame and (strongly) étale sites of
adic spaces. We will tacitly assume that all adic spaces are of the type examined by
Huber: They are either strongly noetherian and analytic or the quasi-compact sections of
the structure sheaf have a noetherian ring of definition. This also includes all discretely
ringed adic spaces.
Recall ([Hub96], Definition 1.6.5) that a morphism of adic spaces f : Y → X is étale
if it is locally of finite presentation and for any solid arrow diagram
Spa(A,A+)/I Y
Spa(A,A+) X,
f
where I is an ideal of A with I2 = 0, a unique dotted arrow exists making the diagram
commutative. The morphism f is called tame (strongly étale) if in addition to being
étale it has the following property for every point y ∈ Y with image x ∈ X: The residue
field extension k(y)|k(x) is tamely ramified (unramified) with respect to the valuation
corresponding to y (see [Hüb18], Definition 3.1).
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The étale site Xét of an adic space X has as its underlying category the category of
all étale morphisms Y → X and coverings are surjective families. The tame site Xt and
the strongly étale site Xsét are the full subcategories of Xét defined by taking all tame,
respectively strongly étale morphisms Y → X. Throughout this article we will write τ for
one of these three topologies {ét, sét, t}. For instance, we will prove assertions about Xτ
meaning that they are true for the étale, the tame and the strongly étale site. If F is a
sheaf of abelian groups on Xτ , we write Hn(X,F) for its cohomology groups (instead of
Hn(Xτ ,F)) whenever this does not cause confusion.
Recall from [Hüb18], Definition 6.1 that a Huber pair (A,A+) is local if A and A+ are
local, A+ is the valuation subring of A associated with a valuation whose support is the
maximal ideal of A, and the maximal ideal m+ of A+ is open. It is henselian (strongly
henselian, strictly henselian if it is local and A+ is henselian (A+ is strictly henselian,
A is strictly henselian). A strongly henselian Huber pair (A,A+) is tamely henselian
if the value group of the associated valuation v is a Z[1
p
]-module, where p denotes the
residue characteristic of v. We call an adic space local, henselian, strongly henselian,
tamely henselian, or strictly henselian if it is the adic spectrum of a Huber pair with the
respective property. Given an adic space X and a point x ∈ X we obtain a local adic
space, the localization Xx, by taking the intersection of all open neighborhoods of x. We
obtain a henselian adic space by taking the limit limY over all pointed étale morphisms
(Y, y)→ (X, x) such that k(y)+ = k(x)+. It is called the henselization of X at x and we
denote it Xhx . For τ ∈ {sét, t, ét} and a geometric point x¯ with respect to τ we define the
τ -localization (or just localization) Xτx¯ at x¯ to be the limit limY over all τ -morphisms
Y → X together with a lift of x¯ to Y . If τ = sét, Xτx¯ is strongly henselian, if τ = t, it
is tamely henselian, and if τ = ét, it is strictly henselian. According to wether τ = sét, t,
or ét we also call Xτx¯ the strong henselization, tame henselization, or strict henselization,
respectively. See [Hüb18], §6 for more detail.
We start with proving some assertions concerning the topological invariance of the
tame cohomology. They are in analogy with the respective results concerning the étale
topology.
Proposition 2.1. Let X → Y be a morphism of adic spaces which induces an isomor-
phism on the underlying reduced adic spaces. Then
U 7→ U ×Y X
defines an equivalence of categoriesXτ → Yτ . In particular, the topoi Shv(Xτ ) and Shv(Yτ )
are equivalent.
Proof. Without loss of generality we may assume that X and Y are affinoid. Moreover,
it suffices to prove that U 7→ U ×Y X defines an equivalence of the subcategories of
affinoid spaces in Xτ and Yτ , respectively. The general statement follows by glueing.
Write X = Spa(A,A+) and Y = Spa(B,B+). By [Hub96], Corollary 1.7.3, the affinoid
adic spaces that are étale over X are precisely the open subspaces of adic spaces of
the form Spa(R,R+) with R étale over A and R+ the integral closure of A+ in R and
analogously for Y . By [Gro67], 18.1.2 the assignment S 7→ S⊗BA defines an equivalence
of the categories of étale B-algebras and étale A-algebras. Moreover, for S étale over B
and S+ the integral closure of B+ in S, the categories of open subspaces of Spa(S, S+)
and Spa((S, S+) ⊗(B,B+) (A,A+)) are equivalent as they only depend on the underlying
topological space. We conclude that Xét and Yét are equivalent. In order to see that this
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is also true for the tame and strongly étale sites it suffices to note that the properties of
being tame or strongly étale only depend on the underlying reduced subspaces. 
The following two results are analogs of the excision theorems in étale cohomology.
Lemma 2.2. Consider the following diagram of adic spaces
Z ′red X
′ U ′
Zred X U,
∼ pi
where Z ′ → X ′ and Z → X are closed immersions with open complements U ′ and U ,
respectively, pi is a morphism in Xτ , and Z ′red → Zred is an isomorphism. Then for any
sheaf F on Xτ and any i ≥ 0 we have
H iZ(X,F) ∼−→ H iZ′(X ′,F|X′).
Proof. The proof is the same as for the étale topology on schemes (see [Fu15], Proposi-
tion 5.6.12). 
Proposition 2.3. Let X be an adic space and x ∈ X a Zariski-closed point (i.e., x =
Spa(k(x), k(x)) and Spa(k(x), k(x)) → X is a closed immersion). Then for any sheaf F
on Xτ and any i ≥ 0 we have
H ix(X,F) = H ix(Xhx ,F),
where Xhx denotes the henselization of X at x.
Proof. As τ -cohomology commutes with limits ([Hüb18], Proposition 5.3), we have
H ix(X
h
x ,F) = colim
(Y,y)→(X,x)
H iy(Y,F),
where the colimit runs over all pointed étale morphisms (Y, y)→ (X, x) such that k(y) =
k(x). We can as well restrict to pointed morphisms (Y, y)→ (X, x) in Xτ as every étale
morphism (Y, y) → (X, x) as above is strongly étale, hence tame, at y and the strongly
étale locus is open ([Hüb18], Corollary 4.3). For a pointed morphism (Y, y) → (X, x) in
Xτ with k(y) = k(x) we know by Lemma 2.2 that
H iy(Y,F) = H ix(X,F). 
Finally we prove the following comparison of tame and strongly étale cohomology.
Proposition 2.4. Let X be an adic space with char+(X) = p > 0 (i.e., for any point
x ∈ X the localization Xx is of the form Spa(A,A+) such that the residue characteristic
of A+ is p). Then for any p-torsion sheaf F on Xt the natural morphism of sites
ϕ : Xt → Xsét
induces isomorphisms
H i(Xsét, ϕ∗F) ∼−→ H i(Xt,F)
for every integer i.
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Proof. We have to show that the stalks of the higher direct images Riϕ∗F vanish. Let x¯
be a geometric point of Xsét. The strict localization Xsétx¯ is of the form Spa(A,A+) with
(A,A+) local and A+ strictly henselian. For the stalk of Riϕ∗F at x¯ we get by [Hüb18],
Corollary 5.4 and Lemma 7.1
Riϕ∗Fx¯ = H i(Spa(K,A)t,F) = H i(Gal(kt|k),Fx¯),
where kt|k is the maximal tamely ramified extension of the residue field of A with respect
to the valuation corresponding to x¯. But by assumption F is a p-torsion sheaf and as
A+ is strictly henselian, Gal(kt|k) has trivial p-Sylow subgroups. Therefore, the above
cohomology group vanishes by [NSW08], Proposition 1.6.2. 
The above proposition tells us that for p-torsion sheaves tame and strongly étale co-
homology coincide. Moreover, for torsion sheaves with torsion invertible on X, tame
cohomology coincides with étale cohomology ([Hüb18], Proposition 7.2). In that sense
the tame topology is a bridge between étale and strongly étale cohomology.
3. Cohomological purity
In this section we prove a positive characteristic version of cohomological purity. More
precisely, we show cohomological purity for p-torsion sheaves on a curve of characteristic
p > 0. In this setting the Tate twist by `-th roots of unity is replaced by a tensor product
with the logarithmic de Rham sheaves ν(r). Let us first recall their definition. Let X
be a scheme of finite type over a perfect field k of characteristic p > 0. We consider the
sheaves of differentials ΩrX/k and the sheaves of closed differentials Ω
r
X/k,d=0 on X. For
every r ≥ 0 there is a Cartan operator
C : ΩrX/k,d=0 → ΩrX/k
defined uniquely by the properties
(a) C(1) = 1;
(b) C(fpω) = fC(ω) for f ∈ OX , ω ∈ ΩrX/k,d=0;
(c) C(ω ∧ ω′) = C(ω) ∧ C(ω′) for ω, ω′ closed;
(d) C(ω) = 0 if and only if ω is exact;
(e) C(fp−1df) = df for f ∈ OX ;
(see [Mil76], Lemma 1.1). The logarithmic de Rham sheaf ν(r) is defined to be the kernel
of
1− C : ΩrX/k,d=0 → ΩrX/k,
which in fact is surjective with respect to the étale topology (see [Mil76], Lemma 1.3),
i.e., we obtain a short exact sequences of étale sheaves
0→ ν(r)→ ΩrX/k,d=0 1−C−→ ΩrX/k → 0.
Assume now that X is smooth and quasi-projective over k In [Mil86], section 2, Milne
constructs for every smooth closed subscheme Z ⊂ X of codimension c and for every
integer r a cycle map
H0(Z, ν(r))→ HcZ(X, ν(r + c)),
which is an isomorphism by [Mil86], Corollary 2.2. Moreover, the same corollary states
that
H iZ(X, ν(r)) = 0
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for i < c. By the general philosophy of cohomological purity we would expect isomor-
phisms
(1) H i(Z, ν(r)) ∼→ Hc+iZ (X, ν(r + c))
for every integer i. Milne’s results show that this is true for i ≤ c but it is wrong, in
general, for i > c (see [Mil86], Remark 2.4).
In this section we will show, in the case that X is a curve over an algebraically closed
field, that replacing the étale cohomology by the tame cohomology, we obtain indeed
purity isomorphisms of the form (1) as above for all integers i. Let us fix notation. For
the rest of this section k is a perfect field of characteristic p > 0. We consider a curve C
over k (i.e., a one-dimensional scheme of finite type over k) and set X = Spa(C, k).
Pulling back the sheaf ν(r) on C via the support map
Supp : X = Spa(C, k)→ C
we obtain an étale sheaf on X, which we can also view as a tame or strongly étale sheaf.
We denote it again by ν(r).
Lemma 3.1. Suppose that k is algebraically closed. Let c ∈ C be a closed point. Set
x = Spa(c, c), such that we have a closed immersion x→ X. Let τ ∈ {t, sét} and F be a
sheaf on Xτ . Assume that F is a p-torsion sheaf in case τ is the tame topology. Then
H ix(X,F) = 0
for all i 6= 0, 1 and we have an exact sequence
0→ H0x(X,F)→ F(Spa(A,A))→ F(Spa(K,A))→ H1x(X,F)→ 0,
where A is the henselization of the reduced local ring of C at c and K is its total ring of
fractions.
Proof. It suffices to prove the assertion for the strongly étale topology. For the tame
topology it then follows by Proposition 2.4. Without loss of generality we may assume
that C is reduced (see Proposition 2.1). The henselization of X at x is given by Spa(A,A).
Hence we obtain by Proposition 2.3 that
H ix(Xsét,F) = H ix(Spa(A,A)sét,F).
The excision sequence for x ↪→ Spa(A,A) reads
0→ H0x(Xsét,F)→ F(Spa(A,A))→ F(Spa(K,A))→ H1x(Xsét,F)→ . . .
The Huber pairs (A,A) and (K,A) are both strongly henselian. Therefore,
H i(Spa(A,A)sét,F) = H i(Spa(K,A)sét,F) = 0.
for i ≥ 1. 
Lemma 3.2. With notation as in Lemma 3.1 we have that
ν(1)(Spa(A,A))→ ν(1)(Spa(K,A))
is injective, i.e., H0x(X, ν(1)) = 0 and
0→ ν(1)(Spa(A,A))→ ν(1)(Spa(K,A))→ H1x(Xτ , ν(1))→ 0
is exact for τ ∈ {t, sét}.
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Proof. In view of Lemma 3.1 all we need to show is that ν(1)(Spa(A,A))→ ν(1)(Spa(K,A))
is injective. By definition, ν(1) is subsheaf of Ω1Spa(A,A), which is locally free of rank 1
over the structure sheaf. As Spa(A,A) is local, Ω1Spa(A,A) is isomorphic to OSpa(A,A) and
thus the map
Ω1Spa(A,A)(Spa(A,A))→ Ω1Spa(A,A)(Spa(K,A))
identifies with the natural inclusion of A into K. In particular, it is injective. Hence, also
the corresponding map for ν(1) is injective. 
Proposition 3.3. Let c ∈ C be a closed point. Set x = Spa(c, c), such that we have a
closed immersion i : x→ X. Then, for τ ∈ {t, sét},
Rsi!ν(1) = 0
for s 6= 1 and R1i!ν(1) is isomorphic to the constant sheaf Fp on x.
Proof. Let x¯ be a geometric point lying over x corresponding to a separable closure k¯ of
the residue field k(x) at x. Note that over x geometric points for the tame and the strongly
étale topology are the same. Denote by A the strict henselization of OC at Spec k¯ → C.
Then Spa(A,A) is the strongly étale localization and also the tame localization of X at x¯.
As τ -cohomology commutes with limits ([Hüb18], Proposition 5.3), the stalk of Rsi!ν(1)
is
Rsi!ν(1)x¯ = H
s
x¯(Spa(A,A), ν(1)).
Applying Lemma 3.2 to the base change of C to a separable closure of k (chosen com-
patibly with k¯) we obtain that
Rsi!ν(1) = 0.
for s 6= 1 and an exact sequence
0→ ν(1)(Spa(A,A))→ ν(1)(Spa(K,A))→ H1x¯(Spa(A,A), ν(1))→ 0.
The sheaf ν(1) on X is actually the pullback of the corresponding sheaf ν(1) on C via
the support map X → C. Therefore, the above exact sequence identifies with the exact
sequence in the proof of Proposition 2.1 in [Mil86] (top of page 316)
0→ ν(1)(SpecA)→ ν(1)(SpecK)→ H1c¯ (SpecA, ν(1))→ 0,
where c¯ = Spec k¯ is the support of x¯. Choose a uniformizer t of A. In the proof of loc.
cit. Milne shows that the map
Fp −→ ν(1)(SpecK)/ν(1)(SpecA)
a 7→ adt
t
is an isomorphism and is independent of the choice of t. Hence,
H1x¯(Spa(A,A), ν(1)) ∼= Fp.
In order to complete the proof it remains to show that the action of the absolute Galois
group of k(x) on H1x¯(Spa(A,A), ν(1)) is trivial. The isomorphism
H1x¯(Spa(A,A), ν(1)) ∼= ν(1)(SpecK)/ν(1)(SpecA)
is Galois equivariant and as we have seen above every class in ν(1)(SpecK)/ν(1)(SpecA)
has a representative of the form a dt/t with a ∈ Fp. Moreover, we can choose the
uniformizer t to be Galois invariant. Then, adt/t is also Galois invariant. 
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Corollary 3.4. With notation as in Proposition 3.3 we have that
Hr(xτ , ν(s)) ∼= Hr+1x (Xτ , ν(s+ 1))
for all s, r ∈ Z and τ ∈ {t, sét}. In particular,
Hr(xτ ,Fp) ∼= Hr+1x (Xτ , ν(1))
for all r ≥ 0 and
Hrx(Xτ , ν(s)) = 0
for all r ≥ 0 and s 6= 1.
Proof. As C is a curve, ΩsC/k is nontrivial only for s = 0 and s = 1. Hence, ν(s) is
nontrivial on X only for s = 0 and s = 1. Similarly, ν(s) is nontrivial on x only for s = 0.
If s = 0, the assertion follows directly from Lemma 3.1 as ν(0) is the constant sheaf Fp.
For s = 1 consider the spectral sequence
Hm(xτ , R
ni!ν(1))⇒ Hm+nx (Xτ , ν(1)).
By Proposition 3.3, we have
Rni!ν(1) =
{
Fp n = 1
0 n 6= 1.
This gives the desired isomorphism. 
Remark 3.5. For the étale topology purity does not hold in full generality. A partial
result was obtained by Milne in [Mil86], §2 and by Moser in [Mos99], §2. If X is a smooth
scheme of dimension d over a perfect field k and i : Z ↪→ X a smooth closed subscheme
of codimension c, then there is a canonical quasi-isomorphism
νZ(d− c)[−c] ∼= Ri!νX(d)
in D(Z) (see [Mos99], Corollary to Theorem 2.4 in combination with (1.6)). So we have
purity only for the sheaf νX(d) and not for all νX(r). In order to see that in general, purity
does not hold for r < d consider the following situation: Let k be an algebraically closed
field, X = P1k, Z = {∞}, and s = 0. Then Hn(X,Fp) = 0 for n ≥ 1 but H1(X−Z,Fp) is
infinite dimensional. In particular, the cohomology group with support in Z, H2Z(X,Fp)
is not zero. But this is what would be expected from purity.
4. Horizontally constructible sheaves
The second goal of this article is to use cohomological purity in order to prove Poincaré
duality. However, for a scheme X of finite type over an algebraically closed field k it is
not to be expected that Poincaré duality holds for all constructible sheaves. We need to
restrict to a certain kind of constructible sheaves that we will define in this section: the
horizontally constructible sheaves.
We follow the terminology of [Gro60] and [Sta19] concerning constructible subsets: A
subset T of a topological space X is called constructible if it is contained in the boolean
algebra generated by the retrocompact open subsets. It is called locally constructible if
every point x ∈ X has an open neighborhood U ⊆ X such that T ∩ U is constructible
in U .
We fix a noetherian ring Λ and a topology τ ∈ {ét, t, sét}. As for the étale site,
constructible sheaves are defined as follows (see [Hub96], Definition 2.7.2)
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Definition 4.1. LetX be a pseudo-adic space (see [Hub96], Definition 1.10.3). A sheaf F
of Λ-modules on Xτ is constructible if for every point x ∈ |X| there is a locally con-
structible subset L ⊆ |X| containing x such that F|L is locally constant of finite type.
Note that Huber’s notion of a locally constructible subsets differs from ours. However,
given a point x ∈ |X| as in the above definition and a locally constructible subset L ⊆
|X| in Huber’s sense (i.e., L is locally constructible in our sense in an open U of X)
containing x, we obtain a locally constructible subset T in our sense such that x ∈ T ⊂ L
by intersecting L with any quasi-compact open neighborhood of x contained in U . Hence,
in the definition of a constructible sheaf it does not matter whether we use our or Huber’s
definition of a locally constructible subset.
Horizontally constructible sheaves are special kinds of constructible sheaves. We will
only define them for discretely ringed adic spaces, not for general pseudo-adic spaces,
as this is all we need in this article. Note, however, that the definition of constructible
sheaves involves pseudo-adic spaces even if we only want to define them on adic spaces as
we need to make sense of a sheaf on a constructible subset of the adic space. This is not
the case for horizontally constructible sheaves. Let us call a subset of an adic space X
Zariski-constructible if it is constructible with respect to the Zariski-topology. This is the
topology whose closed subsets are of the form
{x ∈ X | |f(x)| = 0 ∀ f ∈ Ix} = {x ∈ X | Ix 6= OX,x},
where I is a coherent ideal of the structure sheaf of X. In case X = Spa(Z, S) for a
morphism of schemes Z → S, this is the pullback of the Zariski topology on Z via the
support map X → Z.
Note that in contrast to general locally closed constructible subsets the locally closed
Zariski constructible subsets carry the structure of an adic space.
Definition 4.2. Let X be a discretely ringed adic space. A sheaf F of Λ-modules on Xτ
is horizontally constructible if for every point x ∈ |X| there is a locally closed Zariski-
constructible subset L ⊆ |X| containing x such that F|L is locally constant of finite
type.
The term horizontally constructible derives from the classification of specializations
of points in an adic space. Every specialization can be decomposed in horizontal and
vertical specializations (primary and secondary in Huber’s terminology). The horizontally
constructible sheaves F have the property that for two geometric points x¯ and y¯ such
that x¯ is a vertical specialization of y¯ the specialization map Fx¯ → Fy¯ is an isomorphism.
We write Modhc (Xτ ,Λ) for the category of horizontally constructible Λ-modules on Xτ .
It is a thick subcategory of the category of Λ-modules on Xτ . The pullback via an
adic morphism X → Y takes horizontally constructible Λ-modules on Yτ to horizontally
constructible Λ-modules on Xτ .
Let f : X → Y be a morphism in Yτ . As for any site (see [AGV72], Exposée III, § 5),
we have the extension by zero functor
f! : Mod(Xτ ,Λ) −→ Mod(Yτ ,Λ)
defined as the left adjoint of f ∗. It is exact and takes a Λ-module F on Xτ to the sheaf
associated with the presheaf
(U → Y ) 7→
⊕
ϕ∈HomY (U,X)
F(U ϕ→ X).
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This construction is functorial in f and commutes with base change. The stalk of f!F at
a geometric point s : y¯ → Y is isomorphic to⊕
t∈HomY (y¯,X)
Ft.
If f is quasi-compact and quasi-separated, f! takes horizontally constructible sheaves to
horizontally constructible sheaves.
5. Cohomological dimension of horizontally constructible sheaves
Definition 5.1. Let X be an adic space and p a prime. The (horizontal) cohomolo-
gical p-dimension cdp(X) (cdhp(X)) of X is the maximal integer n such that there is a
(horizontally) constructible p-torsion sheaf F on Xτ with Hn(X,F) 6= 0.
For the rest of this section we fix a separably closed field k of characteristic p > 0
and a curve C over k, i.e., a one-dimensional scheme of finite type over k. We set
X = Spa(C, k) and set out to determine the horizontal cohomological p-dimension of X.
For our computation we will need to know beforehand that the horizontal cohomological
p-dimension is finite. As cdhp(X) ≤ cdp(X), this can be established by first determining
the (general, not horizontal) cohomological p-dimension of X.
5.1. Cohomological dimension of proper closed subspaces. At first we will need
to compute the cohomological dimension of proper closed subsets of X. Unfortunately,
a closed subset of X is not necessarily an adic space but only a pseudo-adic space.
Remember that a prepseudo-adic space Y is a pair (Y , |Y |), where Y is an adic space
and |Y | ⊂ Y is a subset. A pseudo-adic space is a prepseudo-adic space Y such that
|Y | is convex and locally pro-constructible in Y . This is the case, for instance, if |Y |
is closed in Y . A morphism f : Y → Z of prepseudo-adic spaces is a morphism of
adic spaces Y → Z (also denoted f) such that f(|Y |) ⊆ |Z|. It is called étale if the
underlying morphism Y → Z is étale and tame (resp. strongly étale) if it is tame (resp.
strongly étale) at all points x ∈ |Y |. A family of étale (tame, strongly étale) morphisms
(Yi → Y )i∈I of prepseudo-adic is a covering if (|Yi| → |Y |) is a surjective family.
Let us get back to the proper closed subspaces ofX = Spa(C, k). We start by classifying
the irreducible closed subsets.
Lemma 5.2. There are four types of irreducible closed subsets of X:
(i) {x}, where x corresponds to the trivial valuation on the residue field of a closed
point of C,
(ii) {v}, where v corresponds to a k-valuation on a generic point of C which does not
have center in C,
(iii) {v, x}, where v corresponds to a k-valuation on a generic point of C with center
c ∈ C and x corresponds to the trivial valuation on k(c),
(iv) Spa(Z, k), where Z is an irreducible component of C.
Proof. Let Z 6= ∅ be a closed irreducible subset of X. Denote by z its generic point. If
the support of z is a closed point of C, the corresponding valuation has to be the trivial
one and z is a closed point. We are then in case (i). Suppose now that the support of z
is a generic point of C. Let us assume first that the corresponding valuation is not the
trivial one. Hence, the valuation is discrete of rank one. If it does not have a center in C,
we are in case (ii). If it does have a center c ∈ C, the trivial valuation on c is contained
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in the closure of z and we are in case (iii). Finally, if the valuation is the trivial one, we
are in case (iv). 
Note that the underlying topological space of X is noetherian. This can be checked, for
instance, by verifying that the irreducible closed subspaces listed above are constructible.
This is a very unusual property of an adic space and it is not true in higher dimension.
Lemma 5.3. Let Z be a connected closed subset of X whose complement is dense.
Then it is either irreducible of type (i) or (ii) or of the form {v1, . . . , vn, x}, where the vi
correspond to valuations on a generic point of C having all the same center c and x
corresponds to the trivial valuation on c.
Proof. The irreducible components of Z have to be of type (i), (ii), or (iii). Subspaces
of type (i) and (ii) consist of only one point. Hence, they cannot intersect non-trivially
with other closed subspaces. If an irreducible component of Z is of type (i) or (ii), Z has
thus to be equal to it. It remains to treat the case where all irreducible components of Z
are of type (iii). As Z is connected, they have to intersect. It is then clear that Z has to
be of the form {v1, . . . , vn, x} as described in the lemma. 
If Z is of the form {v1, . . . , vn, x}, we say (by abuse of notation) that it is of type (iii).
In order to compute the cohomological dimension of the spaces of type (i) and (ii) the
following lemma will be used.
Lemma 5.4. Let X be an adic space and x ∈ X a point. Let (k, k+) be an affinoid
field with henselization (K,K+). Suppose we are given an isomorphism ϕ : Spa(k, k+)→
Spa(κ(x), κ(x)+). Denote by Kτ a maximal separable, tamely ramified, or unramified
extension of K (with respect to K+) according to whether τ is the étale, the tame or the
strongly étale topology. Then ϕ induces an equivalence of topoi
Gal(Kτ |K)-Sets→ Shv(X, {x})τ .
Proof. Denote by x¯ the closed point of Spa(K,K+) We have the following chain of mor-
phisms of pseudo-adic spaces:
(Spa(K,K+), x¯)→ (Spa(k, k+), x) ϕ→ (Spa(κ(x), κ(x)+), x)→ (X, x)
In [Hub96], Proposition 2.3.10 it is proved that the associated morphism of étale topoi
is an equivalence. The proof for the tame and strongly étale topoi is literally the same.
Moreover, the standard argument (see [AGV72], Exposé viii, §2) shows that we have an
equivalence of topoi
Gal(Kτ |K)-Sets→ Shv(Spa(K,K+), x¯)τ . 
Proposition 5.5. The cohomological p-dimension with respect to τ ∈ {sét, t} of a con-
nected closed subspace of X is 0 if it is of type (i) or (ii), and less or equal to 1 if it is of
type (iii).
Proof. Let {x} be a closed subspace of type (i). The residue field k(x) is separably closed.
Hence, by Lemma 5.4 the topos Shv(X, x)τ is trivial. For a closed subspace {v} of type (ii)
let (K,K+) denote the henselization of (κ(x), κ(x)+). The residue field of K+ is the same
as the one of κ(x)+, which is separably closed. Thus, (K,K+) is even strictly henselian.
Using Lemma 5.4 we conclude that Shv(X, v)sét is trivial. Moreover, the cohomological
p-dimension of (X, v) in the tame topology is zero because Gal(Kt|K) has trivial p-Sylow
subgroup.
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Now take a closed subspace {v1, . . . , vn, x} of type (iii) and an abelian p-torsion sheaf F
on (X, {v1, . . . , vn, x})τ . Consider the open subspace (U, {vi, . . . , vn}), where
U = X − {x} = Spa(C − {Suppx}, k).
and denote by
j : (U, {vi, . . . , vn})→ (X, {v1, . . . , vn, x})
the canonical embedding. We obtain an exact sequence
0 −→ G −→ F −→ j∗j∗F −→ H −→ 0.
The sheaves G and H have support in (X, x), hence trivial cohomology. In order to
compute the cohomology of j∗j∗F , consider the Leray spectral sequence associated to j:
Hr((X, {v1, . . . , vn, x}), Rsj∗(j∗F))⇒ Hr+s((U, {vi, . . . , vn}), j∗j∗F).
We have seen above that the cohomological dimension of (U, {v1, . . . , vn}) is 0. Therefore,
the right hand side vanishes unless r = s = 0 and Rsj∗(j∗F) = 0 for s ≥ 1. This shows
that
Hr((X, {v1, . . . , vn, x}), j∗j∗F) = 0
for r ≥ 1.
We split the above sequence into two short exact sequences
0 −→ G −→ F −→ J −→ 0
and
0 −→ J −→ j∗j∗F −→ H −→ 0.
Using that G, H, and j∗j∗F are cohomologically trivial, the long exact cohomology se-
quences shows that
Hr((X, {v1, . . . , vn, x}),F) = 0
for r ≥ 2. 
5.2. Cohomological dimension of curves. In this subsection we give a bound for the
cohomological p-dimension of X = Spa(C, k). The strategy of the proof is the same as
for the étale cohomological p-dimension of schemes in case p is invertible (see [AGV72],
Exposé X, § 4).
Proposition 5.6. The cohomological p-dimension of X is less or equal to 3.
Proof. Take a constructible p-torsion sheaf F on Xτ . Let A ↪→ C be the inclusion of
the generic points of C. It induces a morphism ι : Spa(A,A) → X. We consider the
adjunction homomorphism F → ι∗ι∗F and define G and H to be its kernel and cokernel.
In other words, we have an exact sequence
(2) 0→ G → F → ι∗ι∗F → H → 0.
The stalk of the adjunction morphism in the middle is an isomorphism for any geomet-
ric point lying over the generic points Spa(A,A) of X. Hence, G and H have support
in a proper closed subspace and thus their cohomology vanishes in degrees ≥ 2 (see
Proposition 5.5).
In order to examine the cohomology of ι∗ι∗F we consider the Leray spectral sequence
associated with ι:
Hr(X,Rsι∗ι∗F)⇒ Hr+s(Spa(A,A), ι∗F).
The adic space Spa(A,A) is a finite disjoint union of spaces of the form Spa(K,K),
where K is a field of characteristic p. The τ -cohomology of these spaces is (independently
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of τ ∈ {ét, t, sét}) given as the group cohomology of the absolute Galois group of K (see
[Hüb18], Lemma 7.1). The Galois cohomology of a field of characteristic p with p-torsion
coefficients vanishes in degrees greater or equal to 2 (see [NSW08], Proposition 6.5.10).
Therefore, the right hand side of the above spectral sequence vanishes for r + s ≥ 2.
By the same reason Rsι∗ι∗F = 0 for s ≥ 2. Moreover, R1ι∗ι∗F can be written as a
filtered colimit of constructible sheaves with support in a proper closed subspace. As Xτ
is a noetherian site (X being quasi-compact), cohomology commutes with colimits (see
[AGV72], Exposée VI, Corollaire 5.3). Therefore, the left hand side vanishes for s = 1
and r ≥ 2. With this information, we obtain that
Hr(X, ι∗ι∗F) = 0
for r ≥ 4.
Let us go back to sequence (2). We know that the cohomology of G and H vanishes
in degrees greater or equal to 2 and we just saw that the cohomology of ι∗ι∗F vanishes
in degrees greater or equal to 4. Splitting the sequence into two short exact sequences
and examining the corresponding long exact cohomology sequences, we conclude that
Hr(X,F) = 0 for r ≥ 4. 
5.3. Computation of the horizontal p-dimension. In the following, by a τ -covering
we mean a finite morphism of adic spaces Y ′ → Y in Yτ .
Lemma 5.7. Let Y be a noetherian adic space of finite horizontal p-dimension for some
prime p. For an integer n the following are equivalent:
(i) For every locally constant constructible p-torsion sheaf F and every i > n we have
H i(Y,F) = 0.
(ii) For every τ -covering Y ′ → Y and every i > n we have
H i(Y ′,Fp) = 0.
Proof. Without loss of generality we may assume that Y is connected. Assume that (i)
holds and take a τ -covering pi : Y ′ → Y of degree d. Then for every i we have
H i(Y ′,Fp) = H i(Y, pi∗Fp).
But pi∗pi∗Fp ∼= (Fp)d is constant, hence pi∗(Z/pZ) is locally constant constructible. There-
fore, by assumption the above cohomology group vanishes for i > n.
Now assume (ii). First observe that by dévissage we know that for every τ -covering
H i(Y ′,M) = 0
for all constant p-torsion sheaves M and all i > n. Let F be a locally constant con-
structible p-torsion sheaf on Yτ and pi : Y ′ → Y a τ -covering such that pi∗F is constant.
The adjunction map pi!pi∗F → F is surjective, which can be checked on stalks using
that pi is surjective. As pi is finite, pi!pi∗F = pi∗pi∗F , which is locally constant by the same
argument as before. We thus have a short exact sequence of locally constant constructible
p-torsion sheaves
0 −→ G −→ pi∗pi∗F −→ F −→ 0.
Using that H i(Y, pi∗pi∗F) = H i(Y ′, pi∗F) = 0 for i > n we obtain
H i(Y,F) ∼−→ H i+1(Y,G)
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for i > n. In particular, H i(Y,F) = 0 for n < i ≤ cdhp(Y ). As this holds for all
locally constant horizontally constructible p-torsion sheaves, we also have H i(Y,G) = 0
for n < i ≤ cdhp(Y ). By descending induction we obtain the result. 
We can now use Lemma 5.7 to determine the horizontal cohomological dimension of
X = Spa(C, k).
Lemma 5.8. For τ ∈ {t, sét} and every locally constant constructible p-torsion sheaf F
on Xτ we have
H i(Xτ ,F) = 0
for i ≥ 2.
Proof. We verify condition (ii) in Lemma 5.7. Let X ′ → X be a τ -covering. It comes
from an étale covering C ′ → C, where C ′ is a smooth curve. We denote by C¯ ′ the smooth
compactification of C ′ and set X¯ ′ = Spa(C¯ ′, k). Writing Z ′ for the complement of X ′
in X¯ ′ we consider the excision sequence
. . .→ H iZ′(X¯ ′τ ,Fp)→ H i(X¯ ′τ ,Fp)→ H i(X ′τ ,Fp)→ . . .
By purity (Corollary 3.4), the cohomology groups with supportH iZ′(X¯ ′,Fp) vanish. More-
over, by [Hüb18], Corollary 7.7
H i(X¯ ′τ ,Fp) ∼= H i(C¯ ′ét,Fp)
for all i ∈ Z and the latter cohomology groups vanish for i ≥ 2 by [AGV72], Exposé X,
Corollaire 5.2. Combining these information we obtain the result. 
Proposition 5.9. We have cdhp(X) ≤ 1 for τ ∈ {t, sét}.
Proof. Take a horizontally constructible p-torsion sheaf F on Xτ . Let U ⊆ X be a
Zariski-open subspace such that F|U is locally constant. Denote by Z the complement
of U and consider the corresponding excision sequence
. . . −→ H iZ(Xτ ,F) −→ H i(Xτ ,F) −→ H i(Uτ ,F) −→ . . .
By Lemma 3.1, the cohomology groups with support in Z vanish for i ≥ 2. Moreover, by
Lemma 5.8, we have H i(Uτ ,F) = 0 for i ≥ 2. This proves that cdhp(X) ≤ 1. 
Proposition 5.10. For τ ∈ {t, sét, ét} and any horizontally constructible p-torsion
sheaf F on Xτ we have
H ic(X,F) = 0
for any i ≥ 2.
Proof. Let C¯ be a compactification of C and set X¯ = Spa(C¯, k). Denote by j the inclusion
X ↪→ X¯. Writing c : X¯ → C¯ for the center map and using [Hüb18], Corollary 7.7, we
obtain
H ic(Xτ ,F) = H i(X¯τ , j!F) = H i(C¯ét, c∗j!F),
which vanishes for i ≥ 2 since the étale p-cohomological dimension of C¯ is one by [AGV72],
Exposé X, Corollaire 5.2. 
Let A be a noetherian ring and denote by A also the constant sheaf with stalks A on
the τ -site of an adic space X. Remember that a sheaf F of A-modules on Xτ is called
pseudocoherent if locally on Xτ there is an exact sequence of the form
Am → An → F → 0
with nonnegative integers m and n.
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Lemma 5.11. Let F and G be sheaves of A-modules with F pseudocoherent. Then for
any geometric point x¯ of Xτ and any n ≥ 0 we have
ExtnA(F ,G)x¯ = ExtnA(Fx¯,Gx¯).
Proof. We have
HomA(F ,G)x¯ = HomA(Fx¯,Gx¯)
if F is a finite free A-module. Using the five lemma we extend this assertion to pseu-
docoherent sheaves. The lemma follows from this by using the above identification for
an injective resolution of G once we have shown that the stalks of an injective sheaf H
of A-modules are injective A-modules. In order to see this it is enough to consider an
A-module homomorphism
I → Hx¯
from an ideal I of A to a stalk of H and show that it prolongs to A. As I is finitely
generated (A being noetherian), it comes from an A-homomorphism I → H(U) for a
neighborhood j : U → X of x¯. This induces a homomorphism from the constant sheaf I
on U to j∗H. But j∗ has an exact left adjoint (namely j!) and thus takes injectives to
injectives. Hence, we can prolong the homomorphism to a homomorphism A→ j∗H. In
particular, this prolongs our inicial homomorphism I → Hx¯ to A. 
Proposition 5.12. For τ ∈ {t, sét} and any horizontally constructible Fp-module F
on Xτ we have
ExtiFp(F , νX(1)) = 0
for all i ≥ 2.
Proof. If F is locally constant, we consider the local-to-global spectral sequence
H i(Xτ ,Ext
j
Fp
(F , νX(1))⇒ Exti+jFp (F , νX(1)).
The sheaf F is a pseudocoherent Fp-module. Hence, we can use Lemma 5.11 to compute
the stalks of the Ext-sheaf at a geometric point x¯:
ExtjFp(F , νX(1))x¯ = ExtjFp(Fx¯, νXx¯(1)).
This vanishes for j ≥ 1 as Fx¯ is a projective Fp-module. Therefore, the spectral sequence
degenerates and we obtain for all i ≥ 0:
ExtiFp(F , νX(1)) ∼= H i(Xτ ,HomFp(F , νX(1))).
But HomFp(F , νX(1)) is a horizontal p-torsion sheaf and thus the result follows from
Proposition 5.9.
In the general case we find a Zariski-open j : U ↪→ X such that j∗F is locally constant.
Denote by i : Z ↪→ X the complement of U and consider the short exact sequence
0 −→ j!j∗F −→ F −→ i∗i∗F −→ 0.
Applying ExtnFp(−, νX(1)) and using i!νX(1) ∼= Fp[−1] (see Proposition 3.3) we obtain a
long exact sequence
. . .→ Extn−1Fp (i∗F ,Fp)→ ExtnFp(F , νX(1))→ ExtnFp(j∗F , νU(1))→ . . .
The left hand group vanishes for n ≥ 2 as Z consists of finitely many points of the form
Spa(k, k) and k is separably closed. The right hand group also vanishes for n ≥ 2 by the
case of locally constant sheaves we have seen above. Hence,
ExtnFp(F , νX(1)) = 0
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for n ≥ 2. 
6. Finite morphisms
Proposition 6.1. Consider a Cartesian diagram
X ′ X
S ′ S
g′
f ′ f
g
of adic spaces, where f is finite and g is a locally closed immersion. Then for any sheaf F
on Xτ the base change morphism
ϕ : g∗f∗F → f ′∗g′∗F
is an isomorphism.
Proof. We can check this on stalks. Let s¯′ → S ′ be a geometric point (with respect to τ).
Replacing S and S ′ by their strict localizations at g(s¯′) and s¯′, we may assume that S
and S ′ are strictly local with closed point g(s¯′) and s¯′, respectively. This also reduces
us to the case where g is a closed immersion. As f is finite, X is a finite disjoint union
of strictly local adic spaces. By treating each of them separately we reduce to the case
where X is strictly local. Then X ′ is also strictly local being a closed subspace of X. The
stalk of ϕ at s¯′ is the map
ϕs¯′ : F(X)→ g′∗F(X ′) = F(Xτg(s¯′)) = F(X),
which is obviously an isomorphism. 
The following corollary also holds in greater generality but in order to keep things
simple we only prove the following special case:
Corollary 6.2. Let C be a curve over a field k and C ′ → C a finite flat morphism
which is generically étale. Set X = Spa(C, k), X ′ = Spa(C ′, k), and consider the induced
morphism f : X ′ → X. Assume that there is a dense Zariski-open V of X such that
f |V is a finite τ -morphism. Then for every horizontally constructible sheaf F on X ′τ the
pushforward f∗F is horizontally constructible.
Proof. Let us show first that there is a dense Zariski-open subspace U of X such that the
restriction of f∗F to U is locally constant constructible. By assumption there is a dense
Zariski-open subspace V of X such that
fV : V
′ := V ×X X ′ → V
is a finite τ -morphism. Then (fV )! is defined and takes horizontally constructible sheaves
to horizontally constructible sheaves. Since f is finite, (f |V )! coincides with (f |V )∗. There-
fore, on a Zariski-open U of V we have that (fU)∗F|U is locally constant constructible
and we are done.
It remains to show that the stalks of f∗F at geometric points x¯ of X with image in
the complement of U are finite. These can be taken of the form x¯ = Spa(k¯, k¯) → X for
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a separable closure k¯ of the base field k. Consider the Cartesian diagram
X ′ ×X x¯ X ′ ×X Xx¯
x¯ Xx¯.
g′
f ′ f
g
It is of the form as in Proposition 6.1. Hence, the corresponding base change morphism ϕ
is an isomorphism. In our situation X ′ ×X x¯ is a finite product of spaces of the form
Spa(k¯, k¯) indexed by the liftings of x¯ to X ′. Thus ϕ identifies with the natural map
(f∗F)x¯ →
∏
x¯′→X′
Fx¯′ ,
where the product runs over all geometric points x¯′ lying over x¯. In particular, we see
that the stalk (f∗F)x¯ is finite. 
7. Poincaré duality
7.1. Construction of the pairing. Let f : C → Spec k be a smooth connected curve
over a perfect field k and set X = Spa(C, k). We write pi for the natural morphism
Spa(f) : X → Spa(k, k). Denote by f¯ : C¯ → Spec k the smooth compactification of C
over k. Then
p¯i := Spa(f¯) : X¯ := Spa(C¯, k)→ Spa(k, k)
is proper and X is an open subspace of X¯. We denote the natural map X → X¯ by j.
From [Mil86], Theorem 2.4 we have a functorial trace map
tr : Rf¯∗νC¯(1)→ Fp.
It can be identified with a trace map (see [Hüb18], Corollary 7.3)
tr : Rp¯iét∗ νX¯(1)→ Fp.
The étale, tame, and strongly étale sites coincide on Spa(k, k). Moreover, Rp¯iét∗ , Rp¯it∗, and
Rp¯isét∗ are naturally equivalent functors because f¯ is proper (see [Hüb18], Corollary 7.7).
This gives a trace map
tr : Rp¯iτ∗νX¯(1)→ Fp
for any of the topologies τ ∈ {sét, t, ét}. In the following we just write Rp¯i∗ instead of
Rp¯iτ∗ .
For every horizontally constructible sheaf F on Xτ we consider the map
αX(F) : RHomX(F , νX(1))[1] ∼= RHomX¯(j!F , νX¯(1))[1](3)
→ RHomk(Rp¯i∗j!F , Rp¯i∗νX¯(1))[1](4)
tr→ RHomk(Rpi!F ,Fp).(5)
in D+(Fp).
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7.2. Comparison with Milne’s duality. Let us compare αX(F) with the duality of
logarithmic de Rham-Witt sheaves proved by Milne in [Mil86]. We need to introduce
some notation (see [Mil76], section 2). Denote by (Pf/k)ét the étale site on the category
of perfect affine schemes over k. Moreover, let G(p∞) denote the category of commutative
algebraic perfect group schemes over k that are annihilated by a power of p. This is an
abelian subcategory of Shv(Pf/k)ét which is equivalent to the category of unipotent quasi-
algebraic group schemes studied in [Ser60] (see [Mil76], Remark 2.3). Every unipotent
group scheme G fits into a short exact sequence
0→ G0 → G→ Gét → 0,
where G0 is unipotent and connected (it is the connected component of the identity of G)
and Gét is étale. Étale locally every unipotent connected algebraic group scheme has a
composition series whose composition factors are isomorphic to Ga. In the language of
commutative algebraic perfect group schemes this gives for every connected object étale
locally a composition series with composition factors isomorphic to GPfa , the perfection
of Ga. In particular, the group of sections of a connected algebraic perfect group scheme
over an algebraically closed field is always infinite.
For a smooth projective scheme Y of dimension d over a perfect field k Milne shows
that the Yoneda pairing and the above described trace map induce isomorphisms
(6) H•(Y, ν(r))→ H•(Y, ν(d− r))t[−d]
for all integers r (see [Mil86], Theorem 1.11). Here, H•(Y, ν(r)) is the object of G(p∞)
representing the sheaf on (Pf/k)ét associated with the presheaf
T → H i(YT , ν(r))
(see [Mil86], Lemma 1.2). Furthermore, (−)t is the duality on Db(G(p∞) defined by
G•t = RHom(G•,Qp/Zp)
(see [Mil86], Lemma 1.3).
Taking the étale and the connected part of the group schemes in Eq. (6) we obtain
isomorphisms
U i(Y, ν(r)) ∼= Ud+1−i(Y, ν(d− r))v,
Di(Y, ν(r)) ∼= Dd−i(Y, ν(d− r))∗,
where
U i(Y, ν(r)) = H i(Y, ν(r))0,
Di(Y, ν(r)) = H i(Y, ν(r))/U i(Y, ν(r)),
(−)∗ = Hom(−,Qp/Zp), and
(−)v = Ext1(−,Qp/Zp).
Let us examine the case r = 0, i.e., ν(r) = Fp. For every algebraically closed fieldK over k
the cohomology groups H i(YK ,Fp) are finite ([AGV72], Exposé XIV, Corollaire 1.2).
Hence, the connected part of H i(Y,Fp) has to be trivial. We therefore obtain a duality
H i(Y,Fp) ∼= Hd−i(Y, ν(d))∗
of étale group schemes. If k is algebraically closed, taking global sections gives a duality
(7) H i(Y,Fp) ∼= Hd−i(Y, ν(d))∗.
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Proposition 7.1. Suppose that k is algebraically closed and Y = C is a smooth projec-
tive curve. The above isomorphism (7) coincides with αX(Fp).
Proof. Both maps are the composite of the Yoneda pairing with a trace map. By con-
struction the two trace maps are the same. 
7.3. Proof of Poincaré duality. In this section we show that the homomorphism
αX(F) defined in Section 7.1 is a quasi-isomorphism for τ ∈ {t, sét}. In other words,
Poincaré duality holds for the tame and the strongly étale cohomology. The structure of
the proof is taken from [Gei10], section 4. It is possible to transfer the structure of the
proof in loc. cit. to our situation precisely because we have cohomological purity at our
disposal. Correspondingly it only works for the tame and the strongly étale topologies
and not for the étale one.
Lemma 7.2. Suppose that αX(F) is a quasi-isomorphism whenever k is algebraically
closed. Then αX(F) is a quasi-isomorphism for all perfect fields k.
Proof. Let k¯ be an algebraic closure of k and denote byG the Galois group of k¯|k. We have
a Grothendieck spectral sequence associated with the derived functors of HomX¯(F ,−)
and (−)G because HomX¯(F ,−) maps injective sheaves to flabby ones ([Mil80], III, Corol-
lary 2.13c). So
RHomX(F , ν(d)) ∼= RΓGRHomX¯(F , ν(d)),
where ΓG denotes the derived functor of (−)G. Similarly
RHomk(Rf!F ,Fp) ∼= RΓGRHom k¯(Rf¯!F ,Fp) = RΓGHom k¯(H ic(Xk¯,F),Fp).
Checking that αX(F) and αXk¯(F) are compatible with these identifications, the lemma
follows. 
Lemma 7.3. Let C ′ → C be an étale morphism inducing a τ -morphism
g : X ′ := Spa(C ′, k)→ X.
For every horizontally constructible sheaf F ′ of Fp-modules on X ′τ the map αX′(F ′) is a
quasi-isomorphism if and only if αX(g!F ′) is.
Proof. Denote by pi′ : X ′ → Spa(k, k) the structure morphism of X ′. Then
Rpi!(g!F ′) = Rpi′!F ′.
Moreover, using that g∗νX(1) = νX′(1) and that g! is left adjoint to g∗ we get a natural
identification
RHomX(g!F ′, νX(1)) = RHomX′(F ′, νX′(1)).
In this way we identify αX′(F) with αX(g!F ′). 
The following lemma only holds for the tame and the strongly étale topologies because
it makes use of cohomological purity.
Lemma 7.4. Assume that k is algebraically closed. Let i : Z ↪→ X be a proper Zariski-
closed subspace (i.e., Z = Spa(S, k) for some proper closed subscheme S of C). Then for
τ ∈ {t, sét} and every abelian sheaf F on Zτ the map αX(i∗F) is a quasi-isomorphism.
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Proof. Without loss of generality we may assume that Z consists of a single point. Then
Z ∼= Spa(k, k) and Zτ is trivial. Consider the diagram
RHomX(i∗F , νX(1))[1] Hom(Γc(Xτ , i∗F),Fp)
RHomZ(F , i!νX(1))[1] Hom(Γc(Zτ ,F),Fp)
RHomZ(F ,Fp) Hom(F(Z),Fp).
αX(i∗F)
∼= ∼=
∼=
∼=purity ∼=
In order to show that αX(i∗F) is an isomorphism, we are left with showing that the
diagram commutes. In order to do so we need to unravel the definition of the map
αX(i∗F) given in (6). The crucial part for showing that the diagram commutes, which
does not come from functoriality or adjunction, is the commutativity of the following
diagram:
RHomk(Rp¯i!i∗F , Rp¯i∗νX¯(1))[1] RHomk(Rpi!i∗F ,Fp)
RHomk(F , Rp¯i∗νX¯(1))[1] RHomk(F ,Fp)
RHomk(F , Rp¯i∗i∗i!νX¯(1))[1] RHomk(F , i!νX¯(1))[1].
tr
= =
tr
clad
=
The upper horizontal map is part of the definition of αX(i∗F). It naturally identifies with
the middle horizontal map as i is a section to pi, hence also to p¯i. The lower part of the
diagram commutes because of the subsequent Lemma 7.5. 
Lemma 7.5. Suppose that k is algebraically closed and pi : X → Spa(k, k) proper. Let
τ ∈ {t, sét}. For every section i : Spa(k, k)→ X of pi consider the diagram
i!νX(1)[1] = Rpi∗i∗i!νX(1)[1] Rpi∗νX(1)[1]
Fp.
ad
tr∼
cl
Then
cl = tr ◦ ad.
Proof. In order to see this we have to remember that the trace map as well as the Gysin
map cl are defined by the corresponding maps for the coherent sheaf Ω1X/k on X via the
short exact sequence
0→ νX(1)→ Ω1X/k C−1−→ Ω1X/k → 0.
These maps actually originate from maps of coherent sheaves on C such that the com-
mutativity of the above diagram comes down to the commutativity of
H1P (C,Ω
1
C/k) H
1(C,Ω1C/k)
k,
tr∼
cl
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where we have written P for the support of the image of the section i. But the trace
map is defined to map the fundamental class of a closed point (which is independent of
the chosen point) to 1 ∈ Fp (see [Gro95], §4 and §5), whence the commutativity of the
diagram. 
Lemma 7.6. Let V → C be an open immersion (V nonempty). Consider the induced
open immersion
j : U := Spa(V, k)→ X.
Then for τ ∈ {t, sét} and every horizontally constructible sheaf of Fp-modules on Xτ we
have that αX(F) is an isomorphism if and only if αU(j∗F) is an isomorphism.
Proof. Denote by i : Z → X the embedding of the (reduced) complement of U . The
short exact sequence
0→ j!j∗F → F → i∗i∗F → 0
induces the following diagram of distinguished triangles in D+(Fp):
RHomZ(i∗i∗F ,Fp)[1] RHomX(F , νX(1))[1] RHomX(j!j∗F , νU(1))[1]
Hom(RΓc(Xτ , i∗i∗F),Fp) Hom(RΓc(Xτ ,F),Fp) Hom(RΓc(Xτ , j!j∗F),Fp)
αX(i∗i∗F) αX(F) αX(j!j∗F)
As we have seen in Lemma 7.4 that αX(i∗i∗F) is a quasi-isomorphism, we know that
αX(F) is a quasi-isomorphism if and only if αX(j!j∗F) is a quasi-isomorphism. But the
latter is a quasi-isomorphism if and only if αU(j∗F) is a quasi-isomorphism by Lemma 7.3.

Lemma 7.7. Let τ ∈ {t, sét}. Suppose that αX(F) is a quasi-isomorphism when-
ever k is algebraically closed, C is projective and F is constant. Then αX(F) is a
quasi-isomorphism for all smooth curves C over any perfect field k and all horizontally
constructible sheaves F .
Proof. Lemma 7.2 reduces us to the case of algebraically closed fields. Fix a smooth
curve C and a horizontally constructible sheaf F . The smooth compactification C → C¯
induces a compactification j : X → X¯ : Spa(C¯, k). Replacing F by j!F and using
Lemma 7.3 we reduce to the case that C is projective.
Now choose a Zariski-open immersion
j : U := Spa(V, k)→ X
such that j∗F is locally constant. Then there is a finite τ -morphism piU : U ′ = Spa(V ′, k)→
U such that j∗F|U ′ is constant, i.e., it is the constant sheaf CU ′ associated to some finite
Fp-module C. The smooth compactification C ′ of V ′ provides a smooth compactifica-
tion X ′ of U ′ and we obtain a Cartesian diagram
U ′ X ′
U X
j′
piU piX
j
whose vertical morphisms are finite flat. By assumption αX′(CX′) is a quasi-isomorphism.
Then Lemma 7.6 implies that αU ′(CU ′) is a quasi-isomorphism. Hence, by Lemma 7.3
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we know that αU(piU∗CU ′) is a quasi-isomorphism. In order to proceed we have to relate
piU∗CU ′ with F :
piU∗CU ′ ∼= piU∗j′∗pi∗XF ∼= j∗piX∗pi∗XF .
The first identification holds because we chose U ′ such that F|U ′ ∼= CU ′ . The second
is due to base change for finite morphisms (Proposition 6.1). Notice that piX∗pi∗XF is
constructible by Corollary 6.2. Therefore, we can apply Lemma 7.6 to piX∗pi∗XF and the
open embedding j to conclude that αX(piX∗pi∗XF) is a quasi-isomorphism.
The adjunction morphism F → pi∗pi∗F is injective because pi is finite (this can be
checked on stalks using Proposition 6.1). We define the sheaf F ′ to be its cokernel, i.e.,
we have an exact sequence
0→ F → pi∗pi∗F → F ′ → 0.
It induces a commutative diagram of long exact sequences
. . . ExtiFp(F ′, νX(1)) ExtiFp(pi∗pi∗F , νX(1)) ExtiFp(F , νX(1)) . . .
. . . H1−i(Xτ ,F ′)∗ H1−i(Xτ , pi∗pi∗F)∗ H1−i(Xτ ,F)∗ . . .
αiX(F ′) αiX(pi∗pi∗F) αiX(F)
For i ≥ 2 all groups involved are zero by Propositions 5.9 and 5.12. Hence we can proceed
by descending induction and assume that αjX(G) is an isomorphism for all j > i and all
horizontally constructible sheaves G. (Of course this is a bit of an overkill as we only
have to treat the cases i = 0 and i = 1 but still makes the exposition shorter.) Using that
αiX(pi∗pi
∗F) is an isomorphism the five lemma implies that αiX(F) is surjective. This is
true for any horizontally constructible sheaf, in particular for F ′, so αiX(F ′) is surjective,
as well. Applying the five lemma once more, we obtain that αiX(F) is an isomorphism. 
Theorem 7.8. Let C be a smooth curve over a perfect field k and set X = Spa(C, k).
For τ ∈ {t, sét} and every horizontally constructible sheaf of Fp-modules F on Xτ the
homomorphism
αX(F) : RHomX(F , νX(1))[1]→ RHomk(Rpi!F ,Fp)
in D+(Fp) is a quasi-isomorphism.
Proof. By Lemma 7.7 we may assume that k is algebraically closed, C is projective and F
is constant. We can even assume F = Fp. In this case αX(Fp) coincides with Milne’s
duality (Proposition 7.1), which is a quasi-isomorphism by [Mil86], Theorem 1.4. 
Corollary 7.9. In the situation of the theorem assume that k is algebraically closed.
Then the Yoneda pairing together with the trace map induce a perfect pairing
H ic(Xτ ,F)× Ext1−i(F , νX(1)) −→ Fp.
for all i ∈ Z.
Remark 7.10. Poincaré duality also holds for the étale topology, see [Mos99]. Actually
the same proof as ours would work for the étale topology using the purity result obtained
in loc. cit., §2. We just have to note that the proof of Poincaré duality needs purity only
for ν(1) and not for ν(0) = Fp.
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